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Modeling Networks as Random Graphs

» Gilbert-Erdos-Rényi random graph model G(n, p)
» Edges are i.i.d with probability p
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Modeling Networks as Random Graphs

» Gilbert-Erdos-Rényi random graph model G(n, p)
» Edges are i.i.d with probability p

> Use subgraph statistics to describe networks ...

feature | count density

edge 7 0.333 (7/21)
triangle 1 0.029 (1/35)

2.star | 11 | 0.105 (11/105)
3-star 5 0.036 (5/140)
4-star 1 0.001 (1/105)

2/16



Exponential-family Random Graph Models (ERGM)

» Features (subgraph densities) for graph g:

_ (el tgle) (gL
o(g) = <t(K,,, Lll)’ t(Kn, L22)7. T t(Ka, Lr)>

{Ly,...,L,} are feature subgraphs; t(g,L;) counts the
number of subgraphs in g that are isomorphic to L;; K, is
n-complete graph
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Exponential-family Random Graph Models (ERGM)

» Features (subgraph densities) for graph g:

_ (el tgle) (gL
o(g) = <t(K,,, Lll)’ t(Kn, L22)7. T t(Ka, Lr)>

{Ly,...,L,} are feature subgraphs; t(g,L;) counts the
number of subgraphs in g that are isomorphic to L;; K, is
n-complete graph

» ERGM defines distribution over graph g € G:

1
» Partition function (|G| = O(2”2)):

2(0) =Y e (076(g))

g€g

pe(g) =
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Exponential-family Random Graph Models (ERGM)
» Learning ERGM is Hard

0* =argmax/(f|g) = argmax {9T¢(g) — InZ(6) }
0 o
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» Existing methods (unreliable & hard to scale)

» Maximum Pseudo-Likelihood
» MCMC-MLE
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Exponential-family Random Graph Models (ERGM)
» Learning ERGM is Hard
0* =argmax/((0|g) = argmax{OTgZ)(g) — InZ(6) }
0 o

» Existing methods (unreliable & hard to scale)
» Maximum Pseudo-Likelihood

» MCMC-MLE
» This work
» A quadratic time deterministic approximation to In Z(6)
> ~
nz(#) ——— maxy(fu) —— maxF(f,u)
@ ®

» The first part: @: Lower bound by Edge-induced counting
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Generalizing Counting Elimination on ERGMs
Let H = {&(g)|g € G} and #(h) be the graph counting function:

InZ(0) =In Z exp <0T¢(g)>

geg
=In Y #(h)exp <0Th> =) exp (HTh +1n #(h))
heH heH
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Generalizing Counting Elimination on ERGMs
Let H = {&(g)|lg € G} and #(h) be the graph counting function:

InZ(0) =In Z exp <0T¢(g))

geg
=In Y #(h)exp <0Th> =) exp (HTh +1n #(h))
heH heH

ﬁrme%{ﬁTh +In#(h)} + O(In[H] )

_

> (Lemma 1) In|H| < rv*(Inn+1)
r: # of simple graphs,
v*: # of nodes in the largest simple graph.

» The error is in O(In n)!
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Generalizing Counting Elimination on ERGMs
Let H = {&(g)|lg € G} and #(h) be the graph counting function:

InZ(0) =In> exp (9T¢(g))

geg
=In Y #(h)exp <9Th> =) exp (HTh +1n #(h))
heH heH

~max{f"h+In#(h)} + O(In|H| )

-

> (Lemma 1) In|H| < rv*(Inn+1)
r: # of simple graphs,
v*: # of nodes in the largest simple graph.

» The error is in O(In n)!

Compute In Z(f) — Optimize rl;na%({HTh + In#(h)}
€
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Lower Bound to In Z(6)

> 07h+In#(h)} is intractabl
H]e%f{ + In#(h)} is intractable
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» Restrict the computation in G,CG, graphs with exact u edges
» Edge-induced counting #,(h): the graph counting in G,
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Lower Bound to In Z(6)

> rhnaﬁ({HTh + In#(h)} is intractable
€
» Restrict the computation in G,CG, graphs with exact u edges

» Edge-induced counting #,(h): the graph counting in G,

(0, u) = max {#Th+In #,(h) } < InZ(0)
heH,

> HUCH/

> #u(h) < #(h)
> InZ() > Lnea??f{@Th + In#(h)}
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Lemma 3

» If Ky (edge) is included in the subgraph features, we have

max(3(6, )} =max { max (6 + In 22,0} }

= Lnea?i({HTh +In#(h)} = In Z(6) — O(In n)
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Exponential-family Random Graph Models (ERGM)

> ~
In Z(6) maxy(0,u) .  maxF(0,u)
@ ®

» The second part (B): Approximation by graph statistics
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Concentration of Subgraph Statistics
» (Lemma 4 [Extension of Nowicki(1989)])
For g € G(n, M = u), random graph with u edges, it holds

that: P <’aT(¢(g) — p(u))‘ > c1n> —0,as n— o0

Si

when p;(u) = <u/ <g>> , Si: subgraph edge counts.
» Triangle density in G,,, for different u. (n =12, 0 < u < 66)

020 =20 ’ ’ =060

S
S o0ast w=30
>~ =40 u =50

< 0.10f
=

S 0.05}
* I

0-08'5 0.2 0.2 h 0.6 0.8 1.0
A

Red points: pyi(u) = <u/ <,27>)3
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Estimating Lower Bounds

» Upper/Lower bounds on (0, u) :

N

0Th* +In#,(h*) < 0Th' +In#,(h) <0Th +In#,(h%)

h (0, u) = argmax{0#Th 4 In#,(h)} and h*(u) = argmaxIn #,(h)
het, heH,
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Estimating Lower Bounds

» Upper/Lower bounds on (0, u) :

N

0Th* +In#,(h*) < 0Th' +In#,(h) <0Th +In#,(h%)

h (0, u) = argmax{0#Th 4 In#,(h)} and h*(u) = argmaxIn #,(h)
het, heH,

» Use h*(u) to approximate h'(6, u)
» (Lemma 4 suggests) h* ~ p(u) when n is large

» (Lemma 5) As n — oc:

n#uw) = (3) o/ (3)) - Ofinn)

where H(x) = —xInx — (1 — x) In(1 — x)
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Edge Count Search Approximation

» Lemma 3: maxy(0,u) =InZ(8) — O(Inn)
» Approximating (6, u):

where { =60 / (g)
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Edge Count Search Approximation

» Lemma 3: maxy(0,u) =InZ(8) — O(Inn)
» Approximating (6, u):

n
where { =60 / (2>
» Edge Count Search (ECS) approximation to In Z(6):

ECS(¢, n)= (Z) s {ST/)(UHH(U/ (g) )}

RS 2
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Experiments — Log-likelihood Estimation

» Synthetic networks generated using triad (edge, triangle,
2-star) model
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>

%0/ (g) ranging from (=5, -5, —5) to (5,5,5)

» For different n € {30, 40, 60, 80, 100, 120, 140, 160}
» Compare with Bridge Sampling [Gelman, Meng,

1998][Handcock et al, 2003] [Hunter et al, 2012].
Relative difference = |lgcs — Igr|/I5F.

» Outliers excluded (see next slides)

0.020 0.00100
—e— average difference

® - - varian
© 0.015 ariance 0.00075
o
9 3
= c
5 0.010) 0.00050
o IS
= >
(]
< 0.005 0.00025
o

0.0005 20 80 120 160  0-00000




Experiments - Log-likelihood Estimation (cont.)

13/16

» Scatter plot for n = 160
» Sampling methods produce many unrealistic estimations
> UB test: check whether BR exceed the computed upper

bound.
0 : :
@® BR passes UB test

Lo LA BRfails UB test Y s
S -0 ‘A’A‘ re
60 - ® ]
o a4

-80 L

//// AA
—80 —60 —40 -20 0

Lpp (x10%)



Experiments — MLE

» Goodness-of-fit: ECS vs MCMC

sanjuansur
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00 01 02 03 04

06

MCMC:triad « MCMC:altkstar
N 3

OTETE N3 7 2357 53 37 42

OTETE N3 7 23 57 53 37 42

o ECS:triad

OTETE NS 7 23 57 53 37 42

ECS:altkstar

OTETE NS 7 23 57 53 37 42

MCMC:triad

MCMC:altkstar

ECS:triad

ECS:altkstar

GBI I8 55 52 56 48 53 60

GBI 18 55 52 56 48 53 60

GBI 18 55 52 56 48 53 60

GBI 18 55 52 56 48 53 60

MCMC:triad

00 01 02 03 04

MCMC:altkstar

ECS:triad

00 01 02 03 04

00 01 02 03 04

ECS:altkstar

BT T8 25 55 56 46 55 60

BT TS 25 55 56 46 55 60

BT TS 25 55 56 46 55 60

OTETI TS 25 55 56 46 55 60

il

'McMC:triad

<
3

~| W
31

MCMC:altkstar

06

ECS:triad

ECS:altkstar

GBS BT B 5T 45 B8 168

GBS ST B 5T 45 55 6168

GBS ST B 5T 45 55 168

GBS ST B 5T 45 B8 168




Thank You!
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Necessary Condition for Asymptotically Relevant
Parameters

» Lemma 6: Let u* = argmax, (0, u) with 0 fixed, h’(6, u*)
converges to p(u*) asymptotically as n — oo.
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Necessary Condition for Asymptotically Relevant
Parameters

» Lemma 6: Let u* = argmax, y(0, u) with 0 fixed, h'(0, u*)
converges to p(u*) asymptotically as n — oo.

» = for large n, 6 needs to be in ©(n?) to be relevant part of
the model, for example:

10.9=(2)e = e=on/(2)
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